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The Second Representing inctionr for Compo~r~d

Situat ions*

Arndrew Bruce2
Darv. Preqi bon2

a nd
Jhn '.. Tukev

Technical Report No. 158, Series 2
Princeton Lniversitv

Department of Statistics
Princeton, New jersev £8544

ABSTRACT

A random veriable X with distribution func-
tian F(x) car:_Ye written as x = R(u) , where u =
F(x) and R = F The function P (u) is the
(first) re Preserting function of X. For certain
ielected distributions, this representi.g function
can be easilv expressed (e.q. rogistic, Cauchv),
though in qereral, approximation or tabulation is
required (e.q. Gaussian, slash).

A situation IX. :i=i, ..., n} is '4 collection
of iniependently distributer random variables. If
the X. are il'entically i istributer', the situation
is terined simile, otherwise -h3 siti1tion is termcn -Accessi
Compound. For example, On2s -

X- (l-*)F(x.) + <G(x) TAR

;s a sinpe situation, whereas for 4 k/r.,k C 0 , 1 , . . * , n - --

(1-4)r X's - F(x) Ds,k=,1 ... .F r [ BY._T

n X's - G(x)

is a compound situation.

For simple situations, the low-order moments
of the order statistics car be conveniertiv corn-
puted i, terms of the (first) representing fuinc-
tion of X. For compound sit lations, a fir st

.arch 5, l81
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repreentingU f irctix. i 3 -. t if f ic ier~t f-.r c )m-
1-1t i r thes3e m o n. t 3 Th i pa pe r pr .)v i']es a ,
ver i ert methtioc a f comput i r~q the I w-ozr er m rme rt s
of c om po un si tia t ion order .stati it ici ba see. or.

hiqjhar order rer-resertin function-. 'ii e ex p" ic it
cier iv at ior. o)f the secor~d repre'sertirnq f'irctior. i 3
q iv en. The are-wild-Gausiian. -ituatior. is i sed to
illustrate tile mthod. ab' es o)f o)ne-wild-
:3au3s iar order-statiit ic momerts a re d i3P-1aved for
se.ec ted sam pie s3i zes.
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Vie Second Representinq F inctio: for Conpound

Si tia t i on s

Andrew Bruce 1

Darv. Preqibon
2

arid

John k. Tukev

Technical Report No. EG, Series 2

Princeton Univer:sitv

Department of Statistics

Princeton, New Jersey C8544

1. Introduction.

Crder statistics plav an important role in statistics.

manv useful estimators are based on linear combinations of

order statistics (or selected -ubsets thereof) . Informal

inferential procedures (such as probability plotting) are

also based on order statistics. Of particular importance

are the low order moments of these quantities, 3pecificallv

the means, variances, and covariances. Tables of these

sPLrepared in connection with research at Princeton
University, s:ipported by the Army Research Office
jDurham).
2 Present Address: 7? Longview Drive, Princeton, N.J. 0f4C

Present Address: Department ot 8ioitatisttcs,
Universitv of Washinqton, Seattle 98195.
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vQmns ex ist fo r maryv .f t!,j commonr.1v i~sed iamnr.. ir.'' i j z

t.i or: -. Ir. ~o s t c ca se i, th le i Sit .a t i o r. a re " s il P'e"

carves3pond inq to a 3,inpe o)f ir. Icparnder~t 3n iertia.:

6itrib~ited rar.don variab" e. (1-jr an strdr exce.-tiont

3s e Eavid, ,ennedv, and 'rniqht, 1977.)

Ir, th~is paper we prov i~e a methol, of com[ it ir~cj :.ow-I

orue.r moments of 3rd~er stati stic-3 from "com~poun~d" 3iuto.

of the form

,-I X 's F F(x)

one X C (X)

The m~ethodi u-ses3 what w~e call the s-econd, represent ing func-

tion~ of X, rname~.v

where R()= F 1 (U) is the f irit repre-sentinq function of X

for the s3iraple :situation

x.i - F *(X. (1-<)E (x. +-(G (X.i) I

%e illustrate the method u-3inq the one-wild Gaussiarn can-

pound situjation

n-i X'3 - b~)= G5au(C.1)

one X - 6 (x/10) Cali(O, 100).

Thi 3 com po und -31t ua tior- Ka s b ee r. used extensively in stid ies3

of robu s/resistant estinates af locatiar.. The case w~ere

March 9, 1iVP
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U(x) = J(x/3) taas lied earlier, and is one of the cases

tabulated bv Eaviid , Kennedv, and <rn iqht ( 177) '1ab2es of

the low-order moments f the corresponding order statistics

are long overdue.

Section 2 describes foment calculations for siinple-

3ituation order statistics in terms of the first represent-

ing function. Section 3 describes moment calculations for

compound situation order statistics in terms of the second

representing function. The one-wild-Gaussian coipound

situation is used to illustrate the method in Section 4.

2. Simple Situations.

Consider an iid sample {x.:i=,...,n} of random vari-

ables with distribution function F(x). Let V = x U) denote

the ith order statistic with v I < V2  ... < v. In con-

trait to the x's, the v's are neither independent nor ident-

icallv distributed. Let H(vi,v ) denote the joint distribu-

tion function of v. and v. The product moment of v. and v.

y. > Yi is given by

V.

lij = E(VV 9 ) = I I viv d h(v.V 9 )

-00 -O

where di-(vi,v.) is proportional to

i_1J
E (l V i ) lv t) (F v) -F ( vi]J-i-lf (v ) 1l-F )] - d v j . 1 )

The chanqe of variables u = F(v) is monotone so that

March ), 1981
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I = "(v.) < uj = F(Vj)

zinc; the above expreiison tecome3

1 0

where -;i(ui,.) ii proportiona to

u i-l(Uj - u  j - i- I (I ujn-j duIu.

Thus, given the repres3entinq function v = R(u), the low

order moments can be obtained, by numerical!v integrating

over the unit triangle r, < ui < u. < 1. Vhere the

representing function cannot be given explicitlv, a rumeri-

cai approximation to R(u) is required.

* a special form *

Quadrature formulas to obtain an estimate m.. of n..1 1J

are sometimes more convenient if the region of integration

i-s the unit square rather than the unit triangle, and if

irtegration involves a product form in place of dlj(ui,u.).

Thi3 is eaiilv obtained bv a further change of variable3.

Let

u i  (-z) w

l-. = (G -z) (I -w)

where 0 < w < 1, C < z < 1. uen u.-u z !,nl since th,

March G, 1981
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i-i r-j zj- i-I -j+ z

That is, w and z are independently distributed as beta ran-

dom variables:

w - (i,n-j+l) and z - p(j-i,n-j-i+l)

The alternate expression for the product moment of v. arnd v1 j
is therefore

1 1

mij = $ r 1(w(l-z))R(;4(1-z)+z)d w(w)dFz(z)
0c

If desired, one-dimensional quadrature formulas specialized

far integratinq a function of a beta-variable could now be

used, iterating the integral. The accuracy of 3:ich quadra-

ture rules has not been explored in detail.

3. Compound Situations.

Consider a realization {x.:11,...,nl of random vari-I

able3 from

r,-k X's - F(x)

k X's - 3(x)

for k-G,...,n. Let v. (x) denote the ith order statistic

with v < v2 - " Vn The product moment of v i and vi i3

march G, 1981
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, r e tik  (b~ j  i ie j o in.t si tr ib -,t io: n f v i  ar:, j

i.I nort i-3tr ibut i in c ar. t,-e (lerivet! fr'o!. that )f

V 1  ... • V[

4k) V' vi V 2 ... ( .-v.)v

(k)

h V.,v) s(kejon istijto: fV ~i

It i3 easy to see that the resultinq formula fot" H(k) 1 v, v j )

ii appreciablv more cumbersome than its 3imple-situation

cour.terpart. irect integration over P (k) is not

particularlv attractive, especiallv if there i3 a simpler

mean3 to attain the same end.

Consider the 3impl!e mixture situation

>. - F~lx.) = (l-<)k(xi ) + -G(x ) i = 1, ... , n

The joint distribution of v[ and vj is ip V and can be

obtaiined using equation (I). This leads to the simple-

iiixture-situation order statistic moments:

00

= ' 4" Vi'j d li< (v"j)
- O - O

1 u

= ', T ,,J R< (ui)Ir< (u )dIu ,u) •
Q C

were R (u) = (u) is a fir-st representinq function for

tho rixture.

March ', 1981



A, tern ati Ve v, f r arT. V , w.! 'tav t

iv,v) = 3 Pr{k-wid} I, (v,v)

-3(Jk
) (1-4) Pt (v.,v.).

k=O

The s iF-le-mixture-sit:iation order-itati 3tic moment; are

V.

oo 1]

-oo -oo,

V.

(n k n-k kk=O ) (1--4) ,,' ,r viv. dli (v.,v.)

k=O

This fundamental relationship between mixture and k-wild

order statistic moments a!lows the latter to be calculated

simpyv. In particular, for k=l, equation (2) becomes

m. ( (1 (-4) n(0m) + n<(I- ) n - I (1) + 0 (.2
mij( = (l ") j m j) .

Differerntiation with respect to < and evaluation at < = 0

lead 3 to

= -n (0) + n.M(1)3- 1j ( = : = - ' j ij "

This imp!ie3 that the one-wild product moment can be written

a3 a linear combination of the uncontaminated product moment

and a term due to the contamination viz

March 9, 1981
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.;qebraicalIv, the correction factor i3 btiir.Ec by i if-

ft rentiatinq e uation (2) :

1 -
ij(. ) = L -{ ( )" (j + U ('i "*(j]

i j R i + R 4I ('1 :( i f F (1j C u,u

and then 3ettinq 4=0, to qive

C 
ij L 3

In this latter equation R6 (u) is the first vepresentinc

function of X at 4=0 contamination, and R (u) is the secord

representing function defined by 7..R(u)

The correspondinq compound-situation order-statistic

mo:nents are obtained ..

Su.
M"(1) = M( )+l ( R ; )+R0(u )R (Uj)-d['(u 'uj (3)

,0 0

(Ate that the sample size enters the second term throuqh

both n and dh(u.,j).) This expression can be numerically

evaluated with little extra effort beyond that for the

iile-sitiatior moment.m ( 0 )  Extensions to k-wild com-
1o

pound 3ituations are easily obtained as functions of the

representing functions of order up to k+1, where in jeneral

March 9, 1981



4. 'i! ur.e- a u-.3 55ja r. S i t.1a t i J.

e~ row i ut ra te t ie p rec tcui.q j i ici io % tnie

cmu nc sit ,i t ioan

r.-1 X's - X

one X - (IC)

To do 3o, we r.eed ar.: expression for the f irst repreier.tiv.1

f unctior. P U) 1 (u) where

j= t (X) =(1-4b(x + <t (X./10

3 sirnce F.( (x)) x, we hav e

h X) ( (iX) ) + -( < (k((X)) + 2(

=X + <*r(tW r X1 + 0 (4 2

du

a' (1 47) for the oriqira' definition. FE.or our purposes 3.

or,i7v note that r(u) is easily obtained a's

r~u) = ) = fd(fl
cl uL dx IX=R (u) IT( R U)

In order to obta in an express ion for R 4 (u) as x+0 (42),

we irntroduce h(RD ((x) )] = ii (x)+0 (4) wit!)

march , 1 I
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I (x) = -r( (x) )[ (x/'L )- (x)

i lead to

or

2
x = -,(u) = R(u) + <1[R(u)] + 0(4

The first ard second representinq fincti-nj of X are r.o%.

easily obtaired as

14(u) = R(u)

(u) = U.[ (u)] = -r(u)/1C)-,}

= _ (R(u)/1C) -/0
6 (R (u)

The oie-wilc order stati stic inomerts can. now be numericaliv

evaluated bv 3sibstituting R C(u) and R 1 (u) into equation (3).

Result3 of this are di:splaved in Table 1. ke list the means

anc covariance.i of the one-wild order statistics for -samples

of size n = 2(I)!C. For comparison Farposes, the pure-

Gaussian order-statistic moments are displaved ir. "abe 2.

As expected, the effect.s of contamination are most 3tronqlvr

evid]enced in the extreme (or end) order statistics. >,ore

detaiV.cd tables have been computed by A. Bruce (19C0).

march 9, 1981
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